
RAPID COMMUNICATIONS

PHYSICAL REVIEW E NOVEMBER 1998VOLUME 58, NUMBER 5
Shear-induced particle diffusion in inelastic hard sphere fluids
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A large-scale numerical simulation of a system of inelastic, rough, hard spheres of volume fractionfS

50.565, starting from a disordered configuration in a Couette geometry, shows a transition to a layered state,
which possesses long-range orientation order, after long run times. This phase transition is shown to cause a
dramatic decay of the long-time transverse self-diffusion coefficient of particles. As the solid volume fraction
is increased to 0.58, the dimensionless transverse self-diffusion coefficient decays further, approaching a value
of order 1025, which indicates structural arrest.@S1063-651X~98!50811-2#

PACS number~s!: 83.50.2v, 46.10.1z, 05.20.Dd, 61.20.Ja
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In a sheared granular flow, grains do not move alo
streamlines but instead exhibit fluctuating motions due
encounters with their neighboring grains. Hence, the gra
within the assembly are continually losing information co
cerning their relative positions due to shearing. This loss
information characterizes the diffusive motion of the grai
Recently, computer simulations have been used to devel
better understanding of diffusion processes in unboun
dense granular shear flows@1#. This attempt led to a conjec
ture that a rapidly flowing monosized granular material is
diffusive system except at large solids concentrations. It w
reported that at a volume fractionfc'0.56, the grains ap
peared to be trapped in a microstructure and prohibited f
moving relative to their neighbors. This behavior, whi
characterizes a crystalline system, has not been observ
experiments of rapid granular flows between parallel rou
boundaries@2#. In contrast, clear experiment evidence@2#
exists for the movement of the particles in directions tra
verse to the bulk motion at even higher solid concentrati
than those examined in the previous simulations@1#.

Diffusion processes are of considerable importance
dense granular flows occurring in common industrial s
tems, for which the significance of interactions between
grains and the boundaries on the flow dynamics is obvio
Hence, it is important to examine whether a transition v
ume fraction,fc , exists for a confined dense granular flo
of monosized particles. To this end, three-dimensional co
puter simulations of the flow of a system of dense, rou
inelastic, optically bidisperse hard spheres, with 4296 in
rior particles that are the same in terms of size and inte
tion, but have different colors, are carried out in a Coue
geometry. Since a color label plays no role in the parti
dynamics, the algorithm presented in a previous study@3#
can be used to create the particles trajectories in a rectan
periodic computational box~with the lengths of the three
sides of the box equal toLx51, Ly51, andLz50.497!. The
reader is referred there for more details, including a g
metrical description of the problem. The walls are compris
of 400 hemispherical massive particles~with the same diam-
PRE 581063-651X/98/58~5!/5237~4!/$15.00
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eter as the interior particles! positioned atZ56Lz/2, and no
periodic boundary conditions are assumed in the directi
normal to the walls.

In contrast to the previous simulations@1# in which the
particles were initially organized in a triangular prisma
packing, the initial disordered hard-sphere configuration
created using the technique described by Clarke and W
@4#. For the present simulations, an initial set of rando
overlapping spheres is chosen. Then the individual sph
are moved randomly until the overlaps are removed. On
side of the labeling plane,Z50, the particles are dark in
color, whereas on the other side the particles are ligh
color. The snapshot of the initial configuration of dark co
ored particles, projected onto the plane normal to the sh
flow in thex direction~which is theyz plane in this work!, is
shown in Fig. 1~a!.

A shear flow is applied to the aforementioned system
hard-dissipative spheres, by increasing average shear
from zero tog52U/Lz'4 s21. HereU represents the veloc
ity of one of the walls. Dissipation induced by particle
particle collisions is modeled using a coefficient of resti
tion, e50.84, as well as a surface friction coefficient,m
50.41@5#. The values of the dissipation parameters are c
sen to be close to those used in the previous simulations@1#.

For sufficiently long run times, the system eventua
reaches an equilibration state in which the amount of ene
supplied by shearing is balanced by that lost due to diss
tive collisions as well as frictional interactions. In order
monitor the evolution of the system toward a state of equ
bration, the instantaneous values of dimensionless nor
stress exerted by the particles on the bottom wall@6# are
recorded. The manner in which the dimensionless nor
stress,P* , of the aforementioned system varies with dime
sionless time,t* 5tU/Lz , is illustrated in Fig. 2. The decay
of the absolute value of mean dimensionless normal str
uP* u, appears to be almost exponential fort* ,200. There is,
however, a significant decrease ofuP* u at aboutt* '200,
which is clear evidence of a phase transition.
R5237 © 1998 The American Physical Society
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Time evolution of lateral movements of dark colored p
ticles, shown in Fig. 1, clearly indicate that at average sh
rate ḡ'4 s21, a shearing, monosized granular flow of so
volume fractionfs50.565, could be a diffusive system. Th
observation leads to the question whether the absence of
ticle diffusive motion in the unbounded rapid monosiz
granular flow simulations of Campbell@1# could be caused
by remnants of the initial lattice configuration for spheres

In attempting to quantify the diffusional movements
particles illustrated in Fig. 1, variations of the mean squ
displacement̂ DZ* 2&5N21( i 51

N ^@Zi* (t* 1t* )2Zi* (t* )#2&
with the argumentt* 5tU/Lz at different dimensionless
time t* are shown in Fig. 3. At longt* , deviation from the
free diffusion regime@7# becomes apparent witĥDZ* 2& be-
having almost linearly int* . This indicates that the dynam
ics has reached a new diffusion regime for which the dif
sion coefficient can be calculated using Einstein relation@8#.
This property of the system, which is called the long-tim
transverse self-diffusion coefficient, reflects the coopera
effects of long-range spatial correlations. Here,Zi* (t* )
5Zi(t* )/(2R)represents the position of particlei in the z

FIG. 1. ~a! Snapshot of the initial configuration of dark colored particl
in the computational box projected on theyz plane.~b! The configuration
projected on theyz plane att* '55. ~c! The configuration att* '159. ~d!
The final configuration att* '250.

FIG. 2. Dimensionless normal stress,P* 5P/@4rpR2(2U/Lz)
2#, ex-

erted by the particles on the bottom wall as a function of dimensionless
t* at fs'0.565 for the coefficient of restitutione50.84, the surface friction
coefficientm50.41, andg54 s21. Here,P represents the normal stress an
rp is the material density.
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direction at dimensionless timet* , which is normalized by
the particle diameter,N is the number of particles in the
computational box,t is time, t* shows that the samples ar
taken at time intervalt apart, and the angle brackets indica
the ensemble average. For the sake of brevity, further in
mation concerning the particle diffusivity in thex andy di-
rections will be given elsewhere.

Considering variations of the dimensionless normal str
with dimensionless time, shown in Fig. 2, there is clear
dication of an ordering phase transition at aboutt* '200. In
an ordered system the changes of geometry of a cage for
by the nearest neighbors of a particle due to fluctuati
become infrequent. This could result in a dramatic decay
the long-time transverse self-diffusion coefficient. Using t
results given in Fig. 3, it can be readily shown that the
mensionless long-time transverse self-diffusion coefficie
D* 5D/@(2R)22U/Lz#, decreases by an order of magnitu
due to the phase change att* '200.

At this point it would be desirable to have a knowledge
the instantaneous values of the dimensionless velocity c
ponent in thez direction, Vz* 5Vz /U. Following the ap-
proach proposed by Bakshi and Stephanopoulos@9# an ap-
proximate continuous function forVz* in terms of the Battle-
Lemarie wavelets@10# is obtained using the simulation
results. Figure 4 illustrates the contours of constant ofVz* in
the yz plane normal to the shear flow a
X* 5X/Lz520.28and t* '250. Here,Vz is the velocity
component in thez direction. The structure of velocity field
as shown in Fig. 4, indicates that clusters could exist in
computational box. However, further numerical work is r
quired to provide a more realistic description of the mov
ments of clusters in a rapidly flowing monosized granu
material. It is worth mentioning that there is no period
boundary conditions in thez-direction, therefore,Vz* should
be zero atZ56Lz/2.

By examining the radial distribution function for th
sample att* '250, shown in Fig. 5, a peak atr * 5r /R

e

FIG. 3. Dimensionless square transversal displacement,^DZ* 2&
5^DZ2/(2R)2&, as a function of dimensionless time,t* 5tU/Lz , for
Lz /(2R)'10.25. The circles, squares, and diamonds represent^DZ* 2& at
t* '55, 159, and 245, respectively. The solid lines are linear fits through
data fort* .1.The dimensionless long time transverse self-diffusion co
ficients for cases represented by the circles, squares, and diamonds aD*
5D/@2(2R)2U/Lz#'1.231023, 431024, and 431025, respectively. The
values of the dissipation parameters, solid volume fraction, and shear
are found in Fig. 2.
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'2A3 can be observed indicating the existence of ordere
zone in the system. Here,R represents the particle radius.
Therefore, it can be concluded that the initially disordere
system has evolved to an ordered state in the presence o
shear flow. To clarify this further, the degree of translationa
order is tested by evaluating the translational order param
eter, which is described by Fourier componentsrk in the
expansion of the mass densityr(r i)5r01(krk exp(jk–r i).
Here, k is a reciprocal lattice vector andr i is the position
vector of the center of particlei. By choosingk5(2p/ l )z, it
is found thatrk is 0.8 for I 5Lz/11. This could be evidence
of a layered state with only eleven layers. Fork parallel to
2x1y2z the value ofrk is found to be close to zero, indi-
cating that the presence of the sliding fcc phase in the syste
can be ruled out. Herex, y, andz represent unit vectors in the
x, y, andz direction, respectively.

In the absence of cuboctahedral symmetry, an obvio
question is whether a particle and its 12 nearest neighbors
the above-mentioned system prefer to adopt any orientation

FIG. 4. ~Color! Contours of constant dimensionless velocity componen
in the z direction,Vz* ,in theyz plane atx* 520.28 andt* 5250.

FIG. 5. Radial distribution function for the sample att* '250. Inset:
The bond-angle correlation function,Ḡ6(r * ), vs dimensionless distances
r * 5r /R for the sample att* '250.
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order. To answer this question a set of orientational or
parameters@11#, denoted byQlm(R)[Ylm„u(R),f(R)…, is
associated with each bond@12#. It is investigated whether
their rotationally invariant combinations,Ql5@4p/(2l
11)(m521

l uQlmu2#1/2, can ever become nonzero atl 54, 6,
8, and 10 for the final configuration att* '250. Here,R
represents the position of the bond midpoin
Ylm@u(R),fR)] are spherical harmonics,u(R)andf(R) are
the polar angles of the bond measured with respect to a fi
reference coordinate system, and the averaged quan
Q̄lm[^Qlm(R)&, is taken over the bonds joining particles
the sample with their near neighbors.

It is found that the signal atl 56 is strong (Q6'0.4)
suggesting extended correlations in the orientations of bo
possibly with an icosahedral symmetry. However, the size
the Q8'0.24 suggests the symmetry of the bond-orien
states is not perfectly icosahedral and some cubic order
be present. This would be consistent with the presence
several icosahedral clusters in the sample. This may sup
the aforementioned conjecture concerning the presenc
clusters in the sample. In this light, at a moderate aver
shear rate, a system of inelastic, rough, hard spheres of s
volume fractionfs50.565 could exhibit behavior similar to
a layered icosahedrally oriented liquid.

More information regarding possible types of orient
tional order of the above-mentioned system can be obta
from the bond-angle correlation functionsḠl @13#. Consider-
ing the value ofḠ6(r * ) at larger * , shown in Fig. 5, it can
be concluded that the system behaves similar to an icos
drally oriented liquid, possessing a degree of symmetry
termediate between those of a crystal and a liquid.

The amplitude of fluctuations in the wall stress att*
.200, shown in Fig. 2, is much smaller than that recorded
the tests of Savage and Sayed@14#. The gray colored curve in
Fig. 6 illustrates that stronger fluctuations in the wall stre
are obtained as compared to those in the previous c
shown in Fig. 2, by increasing the coefficient of restitution
e50.93, and decreasing the surface friction coefficient
m50.123. The fluctuations appear to be closer to those in
annular shear cell tests of Savage and Sayed@14#. Higher
fluctuations resulting from lower dissipations of the syste
leads to an increase in the transverse self-diffusion coe
cients, as shown in Fig. 7. However, the results obtained

t

FIG. 6. Dimensionless normal stresses,P* 5P/@4rpR2(2U/Lz)
2#, ex-

erted by the particles on the bottom wall as a function of dimensionless
t* for the coefficient of restitutione50.93, the surface friction coefficien
m50.123, andḡ54 s21. Upper and lower curves represent the wall stres
at solid volume fractionsfs'0.565, andfs'0.582, respectively.
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much smaller than those measured by Natarajan, Hunt,
Taylor @2# in gravity-driven channel flows of granular mat
rials.

In order to further examine the effect of particle roug
ness on the diffusivity, variations of the mean square d
placement̂ DZ* 2& with t* for systems of smooth and roug
particles at solid volume fraction offs'0.565, are plotted in
Fig. 8. The samples are taken att* '40 which is close to the
average dimensionless residence time of particles in exp
ments of Hunt and co-workers@2#. The calculated dimen
sionless long-time transverse self-diffusion coefficient
the system comprised of smooth particles isD* '1.2
31022, which is an order of magnitude higher than that f
the system of rough particles. The above-mentioned va
for the system of smooth particles is close to those meas
by Natarajan, Hunt, and Taylor at moderate shear rates.
observation supports Menon and Durian@15# statement that
the dynamics of grains in a dense granular flow are do
nated by collisions rather than sliding contact.

FIG. 7. Variations of^DZ* 2& with the dimensionless timet* . The
circles, squares, represent^DZ* 2& at the solid volume fraction offs

'0.565 att* '159, and 245, respectively, whereas the diamonds repre
^DZ* 2& at the solid volume fraction offs'0.582 att* '200. The solid
lines are linear fits through the data fort* .1. The calculated value ofD*
for the cases represented by the circles, squares, and diamonds
31024, 1024, and 1025, respectively. The values of the dissipation para
eters and the shear rate are found in Fig. 6.
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It should be noted that at the higher solid volume fracti
of fs'0.582, the transition time to an ordered state is qu
short for a system of rough particles, as shown in Fig.
Moreover, the dimensionless long time transverse s
diffusion coefficient approaches to a value ofD* '1025 in-
dicating a nearly frozen structure.

In summary, simulations of a system of sheared, den
monosized granular material indicate that the system co
be diffusive at solid volume factions even higher than 0.
In fact, it is shown that the calculated dimensionless tra
verse long-time self-diffusion coefficient for a dense syst
(fs'0.565) comprised of smooth particles is close to th
previously reported for a dense gravity-driven channel fl
in which the average residence time of particles was ra
short. However, at long run times, a phase transition is s
to occur for systems of rough particles, which causes a sh
drop in the transverse long-time self-diffusion coefficient
the particles. The system is found to behave like an icosa
drally oriented liquid. Evidence also exists for the occurren
of clustering, which will be examined more critically in
future study.
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FIG. 8. Variations of^DZ* 2& with the dimensionless timet* . The
circles represent̂DZ* 2& of the system comprised of smooth, inelastic pa
ticles with the coefficient of restitutione50.93, whereas the squares repr
sent that of the rough, inelastic particles with the dissipation parametem
50.123 ande50.93. The calculated values ofD* for the cases represente
by the circles and squares are 1.231022 and 1.531023, respectively.
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